Abstract. In this work we study the problem of existence of symplectic structures on free nilpotent Lie algebras. Necessary and sufficient conditions are given for even dimensional ones. The one dimensional central extension for odd dimensional free nilpotent Lie algebras is also considered.
the family that admit symplectic structures. More precisely, we prove the following result.
Main Theorem. Let n m,k be the free k-step nilpotent Lie algebra on m generators.
(1) If dim n m,k is even then n m,k admits symplectic structures if and only if (m, k) = (3, 2).
(2) If dim n m,k is odd, the one dimensional central extension R ⊕ n m,k admits symplectic structures if and only if (m, k) = (2, 2).
In [1] Benson and Gordon give a necessary condition for the existence of symplectic structures on nilpotent Lie algebras. We develop that condition for free nilpotent Lie algebras using the Hall basis, throughout which we obtain specific restriction in that family enabling the proof of the Theorem above.
Free nilpotent Lie algebras
Let g denote a real Lie algebra. The sequence of ideals of g, {C r (g)}, which for nonnegative integers r is given by
is called the central descending series of g.
A Lie algebra g is called k-step nilpotent if C k (g) = {0} but C k−1 (g) = {0} and in this case C k−1 (g) ⊆ z(g), where z(g) denotes the center of the Lie algebra.
A particular family of nilpotent Lie algebras is constituted by the free nilpotent ones.
Let f m denote the free Lie algebra on m generators, m ≥ 2 (notice that a unique element spans an abelian Lie algebra). The quotient Lie algebra n m,k = f m /C k+1 (f m ) is the free k-step nilpotent Lie algebra on m generators n m,k . The image of a generator set of f m by the quotient map induces what is called a generator set of n m,k . To each ordered set of generators {e 1 , . . . , e m } there is associated a basis of n m,k , called a Hall basis (see [6, 4] ).
Its construction is as follows.
Define the length ℓ of each generator as 1. Take the Lie brackets [e i , e j ] for i > j, which by definition satisfies ℓ([e i , e j ]) = 2. Now the elements e 1 , . . . , e m , [e i , e j ], i > j belong to the Hall basis. Define a total order in that set by extending the order of the set of generators and so that E > F if ℓ(E) > ℓ(F ). They allow the construction of the elements of length 3 and so on.
Recursively each element of the Hall basis of n m,k is defined as follows. The generators 
The central descending series of a free nilpotent Lie algebra verifies
This property follows from the fact that every bracket of r + 1 elements of n m,k , is a linear combination of brackets of r + 1 elements in the Hall basis (see proof of Theorem 3.1 in (1) and (2).
From the construction described above, a Hall basis of n m,2 is
The center of n m,2 contains the first term of the central descending series C 1 (n m,2 ) = p(m, 2), since the Lie algebra is 2-step nilpotent. Even more,
In fact, from (3) above, any x ∈ z(n m,2 ) can be written as 
By a similar procedure as that one in the previous example one reaches z(n m,3 ) = p(m, 3). Hence, by equation (2),
Free nilpotent Lie algebras and symplectic structures
In this section a necessary condition for a free nilpotent Lie algebra to admit a symplectic structure is proved. This condition relates the dimension of the center of n m,k with m, the amount of generators (see corollary 3.4). Afterwards, the proof of the Main Theorem is given.
A Lie algebra g of even dimension 2n is called symplectic if it has a closed 2-form ω such that ω n = 0. Equivalently, ω as a skew symmetric bilinear form on g is non degenerate.
Example 3.1. The one dimensional central extension of the free 2-step nilpotent Lie algebra on 2 generators, n 2,2 , is symplectic.
The dimension of n 2,2 is three (recall example 2.1) and it is isomorphic to the Heisenberg Lie algebra. Its central extension g = R ⊕ n 2,2 has a basis {e 1 , e 2 , e 3 , e 4 } where the only non zero bracket is [e 2 , e 3 ] = e 4 . Let {e i } 4 i=1 be the dual basis. Then the Maurer-Cartan formula asserts that the differential d : g * −→ Λ 2 g * behaves in that basis in the following
It is easy to verify that ω = e 1 ∧ e 2 + e 3 ∧ e 4 is a symplectic structure on g. 
The 2-form ω = e 1 ∧ e 4 + e 2 ∧ e 6 + e 3 ∧ e 5 is closed and ω 3 = 0, hence it is a symplectic structure on n 2,3 .
The follwoing necessary condition for nilpotent Lie algebras to admit symplectic structures was given by Benson and Gordon in [1] . Here we include the proof of Guan ([5] ).
Lemma 3.3. [1, 5] Let ω be a symplectic structure on a nilpotent Lie algebra g, then
Proof. Let z(g) ω = {x ∈ g / ω(x, z) = 0, ∀ z ∈ z (g)} be the orthogonal space of the center with respect to the symplectic structure. Since ω is non degenerate it follows,
In fact, let y = [y 1 , y 2 ] in C 1 (g). Since ω is closed, we have for any z ∈ z(g),
Hence C 1 (g) ⊆ z(g) ω and equation (6) holds.
Since ω is non degenerate, we have
and together with equation (6) we obtain the thesis.
Remark. Condition (5) is not sufficient in general. In fact, any filiform Lie algebra g satisfies equation (5) since dim z (g) = 1 and dim(g/C 1 (g)) = 2. Nevertheless, there are filiform Lie algebras admitting no symplectic structures (see for instance, [2] ).
In [12] , Poussele and Tirao showed that it is sufficient for the existence of symplectic structures in the family of nilpotent Lie algebras associated to graphs.
Clearly, dim n m,k /C 1 (n m,k ) = m for n m,k the k-step free nilpotent Lie algebra on m generators. Hence the equation (5) gives the following corollary.
Corollary 3.4. Let n m,k be the free k-step nilpotent Lie algebra on m generators and consider the Lie algebra g = R t ⊕ n m,k where t = 0 or t = 1 depending on whether dim n m,k is even or odd. If g admits a symplectic structure then
Proof. If dim n m,k is even, then g = n m,k and equation (7) follows directly from Lemma 3.3. Let g be the direct sum R ⊕ n m,k where n m,k has odd dimension. In this case,
Hence, condition (5) for g is equivalent to (7).
This condition on the dimension of the center is very restrictive for free nilpotent Lie algebras because, except for small m and k, the dimension of z(n m,k ) is much bigger than the size of the generator set.
Proof of the Main Theorem. Let n m,k denote the free k-step nilpotent Lie algebra on m generators. We treat separately the cases by the nilpotency index k of n m,k .
• k = 2. As shown in example 2.1, the dimension of the center n m,2 , is m(m − 1)/2.
Easy computations give that dim z(n m,2 ) > m except for m = 2 and m = 3. Hence, by For m = 2, the Lie algebra n 2,2 has dimension three. In example 3.1 it was shown that its one dimensional central extension is symplectic.
The case m = 3, the Lie algebra n 3,2 was treated in example 3.2 and it is also symplectic.
• k = 3. Example 2.2 asserts that dim z(n m,3 ) = m(m 2 − 1)/3. Then (7) does not hold for m > 2. Therefore, n m,3 and R ⊕ n m,3 are not symplectic if m > 2.
Despite the fact that dim z(n 2,3 ) equals the amount of generators, the six dimensional Lie algebra g = R ⊕ n 2,3 does not admit symplectic structures (see, for instance [2] ).
To continue, we show that for any k ≥ 4 and any m ≥ 2 the dimension of z (n m,k ) is always grater than m. This fact together with the previous corollary imply that neither n m,k nor its one dimensional central extension is symplectic.
• k = 4. The subspace p(m, 4) is contained in z(n m,4 ), thus from (2):
Notice that m 2 (m 2 − 1)/4 > m whenever m ≥ 2.
• k ≥ 5. It is possible to give a lower bound of dim z(n m,k ) by constructing different elements of length k in a Hall basis B of n m,k .
Let {e 1 , . . . , e m } a set of generators of n m,k and consider the set
Any element in U is basic and of length 4. Given x ∈ U , the bracket 
We construct the following set
It is contained in the center of n m,k and it is a linearly independent set. Therefore
Clearly U and U have the same cardinal. Also, |U | = The right hand side is greater than m for all m ≥ 2.
Remark. Our Main Theorem here extends the results in [3, Example 4.9] . In fact, they prove the non existence of symplectic structures on 2-step free nilpotent Lie algebras with different techniques. Those do not apply for every degree of nilpotency.
Denote by N m,k the simply connected Lie group corresponding to n m,k , the free k-step nilpotent Lie algebra on m generators. It is well known that the structure constants of n m,k relative to a Hall basis are rational (see for instance [13] ). A result due to Malcev ([7] ) asserts that the Lie group N m,k admits a cocompact discrete subgroup Γ. Recall the correspondence between symplectic structures on the nilmanifold M = Γ\N m,k and symplectic structures on n m,k . Therefore, the Main Theorem can be stated in terms of the nilmanifolds N m,k , namely:
Theorem Let N m,k be the simply connected Lie group with Lie algebra n m,k and Γ a cocompact subgroup. 
